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Automation in interactive theorem provers

Interactive theorem proving

High-level reasoning
use lemmas

perform case analysis

provide witness

prove intermediate result

...

Administrative tasks
perform computations

prove propositional tautologies

introduce hypotheses

...

▶ high-level reasonning: where the real mathematics happens

▶ administrative tasks: boring, but can be automated
more or less...
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Solving goals using SMTCoq

goal

higher-order

dependent types

inductive types

transformation

new goal first-order

solver
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The issues with automation
▶ length (rev (l ++ l’)) = length l + length l’

✓ simple combination of lemmas

▶ (x + 1) + y = (x + y) + 1

✓ basic arithmetic
▶ length (rev (l ++ (b :: l’)))

= length l + length l’ + 1

lemmas + arithmetical reasoning ⇝ not so easy

▶ l ++ l’ = [] -> l = [] l’ = []

✓ simple case analysis
▶ (rev l) ++ l’ = [] -> l = [] l’ = []

case analysis on compound object ⇝ not so easy

▶ forall (z : Z), z >= 0 -> z < 1 -> z = 0

✓ arithmetic on Z

▶ forall (z : int), z >= 0 -> z < 1 -> z = 0

arithmetic on int (MathComp) ⇝ requires extra care
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Modularity for SMTCoq: the Sniper plugin

goal

single-pass
transformation

new goal

solver

⇝

goal

fine-grained
transformation

fine-grained
transformation

fine-grained
transformation

fine-grained
transformation

fine-grained
transformation

new goal

solver
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Transformation: inductive types - inversion principles

▶ Example of an inductive predicate

Inductive add : nat -> nat -> nat -> Prop :=

| add0 : forall n, add 0 n n

| addS : forall n m k, add n m k -> add (S n) m (S k).

▶ We generate inversion lemmas

forall (n m k : nat), add n m k <->

(exists (n’ : nat), n = 0 /\ m = n’ /\ k = n’)

\/

(exists (n’ m’ k’ : nat),

add n’ m’ k’ /\ n = S n’ /\ m = m’ /\ k = S k’)
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Transformation: inductive types - algebraic datatypes

▶ Example of an algebraic datatype

Inductive list (A : Type) : Type :=

| nil : list A

| cons : A -> list A -> list A.

▶ We generate:
▶ no-confusion property:

forall A (l : list A) (x : A), [] <> x :: l.

▶ injectivity of constructors:
forall A (l l’ : list A) (x x’ : A),

x :: l = x’ :: l’ -> x = x’ /\ l = l’.

▶ generation principle:
forall A (l : list A), l = [] \/

exists (x : A) (l’ : list A), l = x :: l’.
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Transformation: inductive types - generation statement

Existential quantifiers can be an obstacle for theorem provers

▶ We generate projections:
proj21 (A : Type) (default : A) : list A -> A

proj22 (A : Type) (default : list A) : list A -> list A

(head and tail)

uninterpreted symbols for the prover

▶ and new generation principles:
forall (l : list A) (a : A), l = [] \/

l = proj21 A a l :: proj22 A [] l

provable in rocq by definition unfolding

8/13



Transformation: inductive types - generation statement

Existential quantifiers can be an obstacle for theorem provers

▶ We generate projections:
proj21 (A : Type) (default : A) : list A -> A

proj22 (A : Type) (default : list A) : list A -> list A

(head and tail)

uninterpreted symbols for the prover

▶ and new generation principles:
forall (l : list A) (a : A), l = [] \/

l = proj21 A a l :: proj22 A [] l

provable in rocq by definition unfolding

8/13



Transformation: inductive types - generation statement

Existential quantifiers can be an obstacle for theorem provers

▶ We generate projections:
proj21 (A : Type) (default : A) : list A -> A

proj22 (A : Type) (default : list A) : list A -> list A

(head and tail)

uninterpreted symbols for the prover

▶ and new generation principles:
forall (l : list A) (a : A), l = [] \/

l = proj21 A a l :: proj22 A [] l

provable in rocq by definition unfolding

8/13



Transformation: inductive types - pattern matching

▶ We replace pattern matching:

forall A d l n, nth default A d l n =

match nth error l n with

| Some x => x

| None => d

end

▶ with implication between equalities:

forall A d l n,

nth error l n = Some x -> nth default d l n = x.

forall A d l n,

nth error l n = None -> nth default d l n = d.
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Transformations: going first-order
Elimination of higher-order equalities

▶ if f,g : A1 -> ... -> An -> B then we replace:

f = g (higher-order equality)

▶ with quantified first-order equality:

forall x1 ... xn, f x1 ... xn = g x1 ... xn

Elimination of polymorphism:

▶ if we have polymorphic hypothesis:

forall (A : Type), ... I A ...

▶ we look at subterms I t in the hypotheses/goal

and instantiate A with t

10/13
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Other transformations

▶ Expansion of definitions and fixpoints:

Definitions and fixpoints in rocq
are turned into equalities (understood by the provers)

▶ Equivalent types

Use trakt plugin
(Enzo Crance, Denis Cousineau, Assia Mahboubi)

to switch between equivalent types (e.g. int and Z)
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Orchestration of fine-grained transformations

Fully customizable combination of transformations

▶ define an order for applying transformations

▶ system of triggers

e.g. if some transform. generates polymorphic hypotheses
then we apply the monomorphization transformation

▶ done in an efficient way
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Conclusion

▶ a corpus of fine-grained transformations

▶ aiming at turning a rocq goal (calc. of inductive constructions)

into a first-order goal understood by automatic provers

▶ fully customizable

orchestration of transformations

triggers

▶ https://github.com/smtcoq/sniper

▶ Compositional pre-processing for automated reasoning in
dependent type theory, CPP 2023
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