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Abstract. In STACS 2002, Gilles Dowek introduced Polarized Deduc-
tion Modulo Theory in order to show that any quantifier-free consistent
theory can be presented by an analytical proof calculus. We review this
result and consequent developments that impact proof theory and au-
tomated theorem proving both from a theoretical and from a practical
point of view.

Proof calculi such as natural deduction or sequent calculus for pure first-order
logic are analytical: a proof of a proposition A should involve only subformulae
of A. In particular, a proof of the contraction L cannot be found. This result can
be proved by showing the completeness of the calculus and the cut-elimination
property. This is no longer true when the proof is searched for within a theory,
by using either axioms or non-logical deduction rules. However, it can be proved
for some presentation of theories as computation rules, using the framework of
Deduction Modulo Theory (Dowek, Hardin, and Kirchner, 2003).

Gilles Dowek (2002) asks if all consistent theories can be presented using
an analytical calculi. To do so, he introduced an extension of Deduction Mod-
ulo Theory where rewriting rules are distinguished whether they can be applied
at positive or negative positions in a formula. To the contrary of usual deduc-
tion modulo theory where formulas that are convertible are provably equivalent,
this permits to express merely implications. In this setting, Dowek proved that
all quantifier-free consistent first-order theory can be presented by a polarized
rewrite system, such that cut elimination holds. To our knowledge, the question
is still open for consistent first-order theories with quantifiers.

As sketched by Dowek (2005) and developed by Dowek (2010), Polarized
Deduction Modulo Theory can quite conveniently be integrated into a resolution
method. The key to do so is to remark that negatively rewriting a clause PV C
with a rewrite rule P —— D where D is a clause leads to the clause C' V D,
the same result as applying the resolution rule with =PV D. The same happens
when negatively rewriting =P V C with P —T D and applying resolution with
PV D. Hence, by clausifying its right-hand sides, a polarized rewriting system
can be transformed into a set of clauses, and to mimic narrowing, these clauses,
called one-way clauses by Dowek (2010), must satisfy two constraints:



— two one-way clauses cannot be resolved one with the other ;
— only the literal corresponding to the left-hand side of the rule can be used
as pivot in the resolution rule.

These conditions are in fact the combination of two known refinements of reso-
lution, namely the set-of-support strategy, and resolution with selection. Their
combination is not always complete, but we showed that the formule it can
prove are exactly those of the cut-free fragment of Polarized Deduction Mod-
ulo Theory. Burel (2010) shows that ordering restrictions can be added to the
normal clauses, with the same relative completeness.

The question arises whether polarized resolution modulo can be seen as an in-
stance of an existing framework, such as ordered resolution with selection whose
extension to equality reasoning, namely the superposition calculus, is imple-
mented in the most effective state-of-the-art automated theorem provers. Burel
and Dowek (2009) show that it cannot be the case. Indeed, Simple Type The-
ory can be presented as a polarized rewriting system such that cut elimination
holds. Since the completeness of ordered resolution with selection can be proved
in Simple Type Theory (provided that the stability and the totality of the or-
dering can be proved in it), it can be proved using polarized resolution modulo.
Using Godel second incompleteness theorem, ordered resolution with selection
cannot prove its own completeness, hence polarized resolution modulo is not an
instance of it.

Going back from polarized resolution modulo to the sequent calculus, one-
way clauses can also be interpreted as a special kind of focusing, where the
polarity of atomic formule are not defined globally but can be chosen within each
formula, as introduced by Burel (2020). This interpretation offers a new field of
investigation for the quest of analytical systems for consistent theories, since
the quantifier-free result of Dowek (2002) corresponds to the usual completeness
proof of focusing.

Polarized resolution modulo also offers a practical way how to integrate de-
duction modulo theory into an automated theorem. Indeed, by adapting the
given-clause algorithm and the selection mechanism existing in resolution-based
provers, it is easy to mimic one-way clauses, as shown by Burel (2011). Such an
approach shows promising experimental results. Hermant (2018) also examined
the integration of polarized deduction modulo, this time in a tableaux-based
prover.

Polarization has also been integrated into Dedukti (Assaf et al., 2023), a
logical framework initiated by Gilles Dowek based on the AIl-calculus modulo
rewriting. The concrete implementation relies on bidirectional type checking,
and requires good properties of the polarized rewriting system.
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