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Universality in logic

Is there a universal way to present logics/theories?

with all nice properties



Analyticity

Proofs systems for pure first-order logic (intuitionistic and classical) :
» natural deduction
> sequent calculus
> ...

Nice proof theoretical results:
> analyticity (subformula property)
> witness property / disjunction property
P consistency

Proof of many of them based in cut elimination,
or at least cut admissibilty



In a theory?

Using axioms:
» may need subformulas of the axioms
> no witness or disjunction property, even in a intuitionistic setting

> proving consistency is not trivial



Deduction Modulo Theory [Dowek Hardin Kirchner 2003]

Present a theory as a rewriting system

> not only on terms but also on propositions

Apply inference rules modulo this rewriting system

Example:
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Nice properties

If the cut rule is admissible, then
> analyticity
P witness and disjunction property

» consistency

But the cut rule may not be admissible!

Minimal counter example:
P—P=Q



Question

Can every consistent theory be presented
such that cut admissibility holds?

(hence analyticity, consistency, ...)



What is a theory? [Dowek 2003]

Quantifier-free theory, classical logic

Present the theory as clauses '
Consistency = Herbrand interpretation /st / =T
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What is a theory? [Dowek 2003]

Quantifier-free theory, classical logic

Present the theory as clauses '
Consistency = Herbrand interpretation /st / =T

Givenaclause C e

there issome P € Cst I =P or some =P € Cst | = —P.

PV ¢ PV G, PV C, =PV C PV G PV C,
(_'C1\/_'C2\/"'\/_|Cn):>P Pi(C1/\C2/\/\Cn)
P——-CiV-CV---VC,? P—CiNCN---NCy?

No, rewrite rules correspond to logical equivalence
P> AisPs A



Polarized Deduction Modulo Theory

Two set of rewrite rules =1 and —~

> can only be applied at positive (resp. negative) positions of a formula

P>t AisA=P P—s"AisP=A

Some difference:
To get subject reduction, do not need confluence but commutation



Presenting quantifier free theories

I= P I= P
(_'C1\/_'C2\/"'\/_|Cn):>P Pi(C1/\C2/\/\Cn)
P—>+ﬁC1\/_|C2\/"'\/_\Cn P—-"CiNCAN---NCy

Do the same for remaining clauses of I’

» Commutation (lhs are disjoint)
» Termination of cut elimination (lhs are disjoint)

Hence analyticity



Impact on Automated Theorem Proving

ENAR: Resolution method based on Deduction Modulo Theory

Narrowing rule:

Ext. Narr. _CvP o = mgu(P,Q) and Q —™* Aand D € C{(A)

o(CV D)

Hard to implement



Polarized Resolution Modulo [Dowek 2010]

Clausal rules:

P——C P—t=C

Qv D -QVvV D
. T AT 0= P, . T A 0= P,Q
Ext. Narr. +(CV D) o = mgu(P, Q) Ext. Narr. +(CV D) o = mgu(P, Q)



Polarized Resolution Modulo [Dowek 2010]

Clausal rules:

P——C P—*-C
Qv D -QV D
Narr. — 2 o = mgu(p, Narr. — =20 o = mgu(P, Q
Ext. Narr +(CV D) o = mgu(P, Q) Ext. Narr. #(C\ D) o = mgu(P, Q)
Qv D -PV C -QV D PV C
] = P,Q ) = P, Q
Res s(Cvpy 7~ mha Res s(Cvpy - "



One-way clauses

P——C P—T=C
PV C PvC

One-way clauses do not resolve with each others
P Set-of-support strategy
Only the lhs can be involved as a pivot

» Selection of literals

Can easily be integrated into an existing resolution prover
» iProverModulo [Burel 2011,2012]

» compatible with usual ordering restrictions



Completeness of Polarized Resolution Modulo

Derivations in PRM correspond to cut-free proofs

Completeness iff admissibility of cut



How can we prove that a proof search method
is not an instance of another? [Burel and Dowek 2009]

Polarized Resolution Modulo is not an instance of Ordered Resolution with Selection

Sketch of proof:
» Simple Type Theory (a.k.a. HOL) can be presented as a rewriting system
» For which cut-admissibility holds
> Which implies the consistency of STT

» Completeness of ORS can be proved in STT

» Godel: PRM cannot be an instance of ORS



Back to sequent calculus

One-way clause PV C
» formula Vx, PV C
» P must be handled now

» reminiscent of focusing

.

FNEUN -



Focused proof

Connectives and atoms tagged with a polarity: invertibility

1. Start in M =



Focused proof

Connectives and atoms tagged with a polarity: invertibility
1. Start in -
2. Apply all possible invertible rules

Put negative formulas and literals aside
Until all formulas have been treated

Store

I CIAw

MA,Cr



Focused proof

Connectives and atoms tagged with a polarity: invertibility
1. Start in -
2. Apply all possible invertible rules

Put negative formulas and literals aside Store %
Until all formulas have been treated L
3. Put the focus on one formula and switch to synchronous phase
I, NUN

Focus N



Focused proof

Connectives and atoms tagged with a polarity: invertibility

1.
2.

Start in N
Apply all ible i tibl [
pply a P055| e inverti e.ru es _ FCinw
Put negative formulas and literals aside Store TACe
Until all formulas have been treated L
Put the focus on one formula and switch to synchronous phase
. I, NUN
ocus PN -

Apply non-invertible rules on the focused formula until...



Focused proof

Connectives and atoms tagged with a polarity: invertibility

1.
2.

5a.

Start in T =
Apply all possible invertible rules

Put negative formulas and literals aside Store %
Until all formulas have been treated e
Put the focus on one formula and switch to synchronous phase
. NN+
ocus PN
Apply non-invertible rules on the focused formula until...
The focus is put on a negative literal T

The branch must be closed immediately [ NEUN -



Focused proof

Connectives and atoms tagged with a polarity: invertibility
1. Start in -
2. Apply all possible invertible rules

Put negative formulas and literals aside Store %
Until all formulas have been treated Al
3. Put the focus on one formula and switch to synchronous phase
NN+
Focus —F————
N~
4. Apply non-invertible rules on the focused formula until...
5a. The focus is put on a negative literal e
The branch must be closed immediately [ NUN -
5b. Or the focus is put on a positive formula P

Go back to the (step 1.) Release TP



Polarity of atoms

In the usual setting of focusing
Global bias for atoms, negation of the converse polarity, stable by substitution

> ensure completeness

Here, no restriction

VA, VB, VX, ~A€ P(B)V-XEAVXEB
VA, VB, A€ P(B)Vd(A B)€A
VA, VB, A€ P(B) Vv —d(A,B) € B

Completeness = admissibility of cut



Resolution with Arbitrary Selection [Burel 2020]

Kiv---VK,vC KtvD, .. K'+ v D,
o(CVDyV---V D)

» nothing selected in C
> nothing selected in K/ V D;
> omguof K =" K|,...,K, ="K

n



A Complete Instance

Choosing a bias for atoms

» defining a Herbrand interpretation

Usual focusing corresponds to Semantic Hyperresolution

> selected literals are those valid in the interpretation

Link with Gilles’ analytic presentation of a consistent QF FO theory?



Conclusion

Polarized Deduction Modulo Theory
> Introduced to prove theoretical results
P Led to concrete implementation of Resolution Modulo Theory

> Inspired new links between focusing, refinement of resolution, etc.

Polarized Deduction Modulo Theory
> was also implemented in Zenon Modulo [Hermant 2018]

» was also added in a branch of Dedukti

What is the best way to present a consistent theory?



