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Abstract

My collaboration with Gilles started in 2011, during my first postdoc, and continued
until his passing. Over these ~15 years, our work was guided by a shared objective, central
to Gilles’ scientific vision: to use logic as a unifying language between computation and
physics. In particular, we sought to give a computational meaning to quantum physical
processes, and to understand how the structure of proofs could account for the peculiarities
of quantum mechanics without sacrificing the elegance of logical foundations.

This programme led us through a sequence of conceptual tensions, each revealing a
limitation of existing logical frameworks when confronted with quantum phenomena, and
each requiring a refinement of the underlying notions of proof, computation, and logical
structure. In this talk, I will revisit this trajectory, highlighting how questions arising from
quantum computing progressively led us to reconsider fundamental logical principles such
as equality, linearity, and harmony.

Talk desired duration: 30 minutes.

1 Introduction: Logic as a Language for Physics

This story starts before our collaboration. Gilles Dowek and Pablo Arrighi introduced Lineal [1,
2|, an extension of the untyped lambda calculus to represent quantum superposition, based on
a simple yet profound idea: since in the lambda calculus data and functions are of the same
nature, if quantum data can be superposed, then functions should be allowed to be superposed as
well. This provides a direct and elegant way to reflect the linear structure of quantum mechanics
within a logical framework.

Their extension is conceptually simple: linear combinations of lambda terms are themselves
terms. However, giving a satisfactory logical and typed account of such systems quickly re-
veals deep difficulties. My early work on type systems for these calculi, during my PhD under
the direction of Pablo [3], showed that capturing quantum phenomena within standard logical
frameworks often leads either to a loss of elegance or to ad hoc restrictions.

When I started working with Gilles, our goal became more precise: to understand how much
of quantum computation could be reconstructed from logical principles alone, and conversely,
which logical principles needed to be revised.

2 Simplifying the Logic: Isomorphisms as Equalities

A first step in this direction was to simplify the logical structure itself. We had the intuition
that conjunction should model quantum superposition. However, in classical logic, isomorphic
propositions such as A A B and B A A are considered distinct, even though they are mutually



derivable. If they were to represent the superposition, we thought they should be equal. Thus,
in a series of works [4,5,7,10], we explored what happens when such isomorphisms are treated
as equalities, leading to proof systems where isomorphic propositions share the same proofs.

This identification has unexpected computational consequences. In particular, it gives rise to
forms of non-determinism emerging purely from logical equivalences. Rather than introducing
non-deterministic operators explicitly, non-determinism appears as a consequence of collapsing
distinctions between proofs.

This line of work culminated in the definition of System I, a proof language for a logic iden-
tifying isomorphic propositions, together with normalisation and consistency results. However,
this simplification also revealed new tensions: identifying too many structures risks losing con-
trol over computation, and restoring properties such as strong normalisation requires carefully
balancing expressiveness and structure.

I later worked with other collaborators to implement this system in Haskell, and to extend
it with polymorphism, which is not part of this talk.

3 Reconciling Two Notions of Linearity

A second major challenge arises from incorporating the notion of measurement into Lineal.
Indeed, this calculus uses a clever notion of reduction making every function linear by con-
struction: a function applied to a superposition is defined as the superposition of the function
applied to each component. Thus, taking any function, even if it is not linear in the algebraic
sense, and applying it to a superposition, yields a linear function by construction. However,
this approach cannot capture quantum measurement, which is non-linear in the algebraic sense.
Another way to ensure that functions are linear is to restrict the syntax, via its typing rules, so
that each variable appears at most once. This is the approach taken by linear logic. These two
notions of linearity—logical (variables used at most once) and algebraic (functions that preserve
superposition)—can be reconciled. We developed a system, Lambda-S [6,15] where types distin-
guish between duplicable and non-duplicable data while allowing terms to behave as linear maps
when appropriate.

This work led to many interesting results with other collaborators, particularly studying
its categorical model, using realizability to ensure unitarity, and extending it to multiple basis,
which are not part of this talk.

4 Measurement and the Limits of Harmony

While linearity captures the behaviour of unitary evolution, quantum computation also involves
measurement, which introduces non-determinism, information erasure, and non-reversibility.
These features do not fit naturally within the standard logical paradigm, in particular because
they break the principle of harmony between introduction and elimination rules.

This observation led us to explore logical systems with a non-harmonious connective [8,9,11,
12,14] developed across several works, where the symmetry between introduction and elimination
is deliberately relaxed. Such connectives provide a natural way to model the asymmetry between
the preparation and the observation of quantum states.

From this perspective, quantum superposition exhibits a dual nature: it behaves like a
conjunction when constructed, but like a disjunction when observed. Making this duality explicit
in the logical structure requires extending the usual framework of natural deduction.



5 A Third Introduction Rule for Disjunction

Our most recent work [13] revisits the role of disjunction itself. In standard natural deduction,
proving AV B requires choosing either a proof of A or a proof of B, introducing an asymmetry
and an implicit loss of information.

We propose instead a third introduction rule for disjunction, allowing both proofs to be
retained. This rule restores symmetry and avoids premature information erasure, a key feature
when modelling quantum phenomena. Remarkably, this extension makes it possible to express
quantum superposition and measurement directly within the logical system, without introducing
new connectives.

Beyond its application to quantum computing, this rule also improves the structural prop-
erties of proof systems, restoring a strong introduction property in the presence of algebraic
constructions such as sums.

6 Reflections on a 15-year Collaboration

Looking back at this line of work, a common pattern emerges: each attempt to model quantum
phenomena within logic reveals a tension that forces us to reconsider a foundational principle.
Identifying isomorphisms challenges the notion of equality, reconciling linearities reshapes the
role of functions, and modelling measurement requires relaxing harmony.

Rather than adapting quantum computation to fit existing logical frameworks, this trajectory
suggests that logic itself must evolve. In this sense, quantum computing does not merely provide
new applications for logic, but also acts as a guide for its development.

This work represents a sequence of steps in a long-term programme that we developed to-
gether, following a shared perspective on logic as a unifying language between computation and
physics. Many questions remain open, in particular concerning the notion of universality across
logic, computation, and physics, which was a central theme in Gilles’ work, from whom I learned
a great deal throughout these years.

The hope is that continuing along this path will further clarify how logical structures can
serve not only as tools for reasoning, but also as faithful models of the physical world.

References

[1] Pablo Arrighi and Gilles Dowek. Lineal-algebraic lambda-calculus: higher-order, encodings
and confluence. In Andrei Voronkov, editor, 19th International Conference on Rewriting
Techniques and Applications (RTA 2008), volume 5117 of Lecture Notes in Computer Sci-
ence, pages 17-31. Springer, 2008.

[2] Pablo Arrighi and Gilles Dowek. Lineal: A linear-algebraic lambda-calculus. Logical Meth-
ods in Computer Science, 13(1:8), 2017.

[3] Alejandro Diaz-Caro. Du typage vectoriel. PhD thesis, Université de Grenoble, France,
September 23, 2011.

[4] Alejandro Diaz-Caro and Gilles Dowek. Non determinism through type isomorphism. In
Delia Kesner and Petrucio Viana, editors, Proceedings of the 7th Workshop on Logical and
Semantic Frameworks, with Applications (LSFA 2012), volume 113 of Electronic Proceedings
in Theoretical Computer Science, pages 137-144. Open Publishing Association, 2013.



[5]

[6]

7]

18]

19]

[10]

[11]

[12]

[13]

[14]

[15]

Alejandro Diaz-Caro and Gilles Dowek. The probability of non-confluent systems. In Mauri-
cio Ayala-Rincén, Eduardo Bonelli, and Ian Mackie, editors, Proceedings of the 9th Inter-
national Workshop on Developments in Computational Models, volume 144 of Electronic
Proceedings in Theoretical Computer Science, pages 1-15. Open Publishing Association,
2014.

Alejandro Diaz-Caro and Gilles Dowek. Typing quantum superpositions and measurement.
In Carlos Martin-Vide, Roman Neruda, and Miguel A. Vega-Rodriguez, editors, Theory and
Practice of Natural Computing (TPNC 2017), volume 10687 of Lecture Notes in Computer
Science, pages 281-293. Springer, Cham, 2017.

Alejandro Diaz-Caro and Gilles Dowek. Proof normalisation in a logic identifying isomorphic
propositions. In Herman Geuvers, editor, 4th International Conference on Formal Struc-
tures for Computation and Deduction (FSCD 2019), volume 131 of Leibniz International
Proceedings in Informatics (LIPIcs), pages 14:1-14:23. Schloss Dagstuhl-Leibniz-Zentrum
fuer Informatik, 2019.

Alejandro Diaz-Caro and Gilles Dowek. A new connective in natural deduction, and its
application to quantum computing. In Antonio Cerone and Peter Csaba Olveczky, edi-
tors, Theoretical Aspects of Computing (ICTAC 2021), volume 12819 of Lecture Notes in
Computer Science, pages 175-193. Springer, Cham, 2021.

Alejandro Diaz-Caro and Gilles Dowek. Linear lambda-calculus is linear. In Amy Felty,
editor, 7th International Conference on Formal Structures for Computation and Deduction
(FSCD 2022), volume 228 of Leibniz International Proceedings in Informatics (LIPIcs),
pages 21:1-21:17. Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik, 2022.

Alejandro Diaz-Caro and Gilles Dowek. Extensional proofs in a propositional logic modulo
isomorphisms. Theoretical Computer Science, 977:114172, 2023.

Alejandro Diaz-Caro and Gilles Dowek. A new connective in natural deduction, and its
application to quantum computing. Theoretical Computer Science, 957:113840, 2023.

Alejandro Diaz-Caro and Gilles Dowek. A linear linear lambda-calculus. Mathematical
Structures in Computer Science, 34:1103-1137, 2024.

Alejandro Diaz-Caro and Gilles Dowek. A new introduction rule for disjunction.
arXiv:2502.19172, 2025.

Alejandro Diaz-Caro, Gilles Dowek, Malena Ivnisky, and Octavio Malherbe. A linear proof
language for second-order intuitionistic linear logic. In George Metcalfe, Thomas Studer,
and Ruy de Queiroz, editors, Logic, Language, Information and Computation, volume 14672
of Lecture Notes in Computer Science, pages 18-35. Springer, 2024.

Alejandro Diaz-Caro, Gilles Dowek, and Juan Pablo Rinaldi. Two linearities for quantum
computing in the lambda calculus. BioSystems, 186:104012, 2019. Postproceedings of TPNC
2017.



	Introduction: Logic as a Language for Physics
	Simplifying the Logic: Isomorphisms as Equalities
	Reconciling Two Notions of Linearity
	Measurement and the Limits of Harmony
	A Third Introduction Rule for Disjunction
	Reflections on a 15-year Collaboration

