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Abstract

I propose a revised methodology for Dedukti encodings that allows for easy conservativity
proofs, by banning so-called arrow-producing rewrite rules, which have historically been
heavily used in the Dedukti literature. The cornerstone of the proposal is a normalization
criterion for β-reduction in Dedukti that, provided no arrow-producing rules are used,
allows one to consider only β-normal forms when proving conservativity, which can then be
established by a simple induction. I illustrate this methodology by proposing an alternative
encoding of functional Pure Type Systems in Dedukti that can easily be shown conservative.

In their seminal 2007 paper [3], Gilles Dowek and Denis Cousineau introduced the λΠ-
calculus modulo rewriting, the underlying formalism of Dedukti, as well as the first ever
encoding of a type system in it, namely of functional Pure Type Systems (PTSs). This very
influential work was subsequently adapted numerous times, becoming the basis of most Dedukti
encodings [1, 8, 13, 7, 2, 12].

To prove the correctness of their encoding, Dowek and Cousineau focused on the properties of
soundness and conservativity, asserting that the object-theory typing judgment t : A is derivable
for some t if and only if the Dedukti type Tm JAK is inhabited in the encoding—writing JAK for
the encoding of a PTS term A as a Dedukti term, and Tm for a symbol taking the encoding of
an object-theory type to a Dedukti type.1 Whereas soundness, asserting that t : A implies that
Tm JAK is inhabited, can be shown easily by induction on the object-theory derivation, the same
cannot be said for conservativity, which asserts the converse implication. Indeed, the proof of
conservativity must address an additional difficulty, namely that not all Dedukti terms of type
Tm JAK correspond directly to valid object-theory terms. Fortunately, such a correspondence
can be more easily established when considering Dedukti terms that are β-normal. Therefore,
Dowek and Cousineau’s original conservativity result included the additional hypothesis that
the encoding of the theory in Dedukti is normalizing.

To address this issue, Dowek [4] proposed a notion of model for Dedukti theories that can be
used to prove strong normalization of β, and used it to prove normalization for encodings of
Higher-Order Logic and the Calculus of Constructions. Some years later, Assaf [1] showed that
Cousineau and Dowek’s encoding is conservative even without the normalization hypothesis,
by using a logical relations argument. Unfortunately, both approaches rely on rather technical
arguments, which have not been adopted in subsequent encodings, where conservativity is often
left as a conjecture [8, 12, 8, 7, 13].2

This situation is somewhat unsatisfying when compared with encodings in the Edinburgh
Logical Framework (ELF) [11], where conservativity can be shown using a simple strategy:
because β-reduction is normalizing in ELF, one can, without loss of generality, assume that the
term witnessing inhabitation of Tm JAK is β-normal. Unfortunately, extending the conversion
of the framework with rewrite rules can break normalization of β-reduction, even when the

1Also written ε [3] or El [2] in the Dedukti literature.
2A notable exception is Grienenberger’s encoding of ecumenical logic [10].
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added rules are confluent, type-preserving, and terminating on their own. This is most directly
exemplified by Cousineau and Dowek’s rewrite rule for encoding dependent functions:

Tm (Π A B) 7−→ (x : Tm A) → Tm (B x) (2)

Because this rule ”implements” object-theory functions as functions of the framework, the
crucial point is that normalization in Dedukti now becomes dependent on that of the encoded
theory. Indeed, since β-reduction in the object theory is translated as β-reduction in Dedukti,
the encoding of a non-normalizing theory (such as one with type-in-type) will necessarily break
normalization of β. Worse still, even when we know that the object theory is normalizing, it is
unclear how to deduce from this the normalization of β-reduction in Dedukti.

This work The main technical contribution of this work is a criterion ensuring that normal-
ization of β-reduction is preserved when extending Dedukti’s definitional equality with rewrite
rules. More precisely, the result shows that this holds as long as the theory is well-typed and
the added rewrite rules are both confluent with β and not arrow-producing—that is, roughly
speaking, no function types appear on right-hand sides, unlike in (2). Under these conditions, I
show that the classical proof method [11, 9], based on defining a translation to the simply typed
λ-calculus, can be extended to Dedukti. More explicitly, I show that the simply typed skeletons
of Dedukti types are preserved by conversion, making it possible to define a type-preserving
translation to the simply typed λ-calculus, thereby reducing normalization of β-reduction in
Dedukti to its normalization in a system where it is known to hold.

Motivated by this criterion, I propose a revision of the Dedukti methodology for building
encodings and proving conservativity: by banning arrow-producing rules in encodings, one can
apply the above criterion to reduce full conservativity to conservativity for β-normal forms,
without the need for technical normalization arguments. While arrow-producing rules have been
heavily used in previous Dedukti encodings—see for instance the theory proposed by Blanqui et
al [2]—they are not essential and are even forbidden in some other logical frameworks, such as
Uemura’s SOGATs [14].

In order to illustrate how arrow-producing rules can be avoided, I then revisit the problem
of encoding functional Pure Type Systems (PTSs) in Dedukti. Compared with Cousineau and
Dowek’s approach of identifying Tm (Π A B) and (x : Tm A) → Tm (B x) with a rewrite rule,
I instead declare symbols @ and λ and a rewrite rule @ (λ t) u 7−→ t u for representing the
object-language β-reduction. It is then instructive to observe what happens when encoding a
non-normalizing PTS: while the union of β and the rewrite rules is not normalizing, β-reduction
itself remains normalizing, which suffices to prove conservativity.

Compared with the FSCD’22 paper [5] where this work originally appeared, the version I
present here contains a supplementary improvement that can be found in my PhD thesis [6]. A
technical annoyance with conservativity proofs is that some β-normal forms in Dedukti actually
do not correspond directly to any object theory term, if they are not in η-long form—see for
instance [6, Example 5.1]. In the FSCD’22 paper, this issue is avoided (somewhat inelegantly) by
considering symbols with fixed arities, whereas in Cousineau and Dowek’s work this is handled
by an additional lemma ensuring that some terms can be η-expanded—an operation that does
not always preserve typing in Dedukti. Here, I instead employ a simpler strategy that consists in
defining a back-translation function | − | that directly performs η-expansion at translation time.
For instance, the back translation of the Dedukti term Π A B yields the PTS term Πx : |A|.|B x|.
Note that, if B was already an abstraction, the application B x creates a Dedukti β-redex, and
thus the back-translation function must also reduce such created redexes at translation time.
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I carried this work during my PhD thesis under the supervision of Gilles Dowek and Frédéric
Blanqui. Being a student of Gilles was a great privilege, and I am deeply grateful for all the
discussions and the guidance he gave me. His vision, pedagogy and kindness are terribly missed,
but his teachings continue to play a fundamental role in my research.

The suggested length for the talk is 30 minutes, but can be adapted to 15 minutes if necessary.
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