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Origin of Confinement
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Historical context 1/2

Being retired after returning from Beijing in the summer of 2012, I
came back to LIX, the Laboratory for Informatics at X –nickname of
École Polytechnique– of which I was the director from 2000 to 2008,
before going to Beijing.
The first professor I had been able to attract at LIX in 2002 was

GILLES DOWEK
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Historical Context 2/2

Going back to LIX in 2012 had been possible because Université
Paris-Sud and École Polytechnique were engaged in a merge since
2008, for which they received a lot of government money.

Alas, in 2017, X and University Paris-Saclay decided to break their
ties. As an Emeritus Professor of Paris Saclay, I was forced to quit
LIX, and join a laboratory of the University.

Gilles, with who I was already collaborating, invited me to join the
INRIA team he lead at École Nationale Supérieure de Paris Saclay.
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Dedukti

The proof assistant Dedukti is based on the type theory λΠMod
extending LF with user-defined rewrite rules.
Its language is used as a proof-exchange format to import (and
proof-check) developments from a proof assistant A (e.g., Coq) to a
proof assistant B (e.g., Hol).

Higher-order syntax and rewrite rules are heavily used to define the
encoding from the type theory underlying A to λΠMod .

Rewrite rules are now also used in Agda, Lean, and Coq/Rocq
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Requirement

Requirement: soundness and decidability of type-checking in
Dedukti require that confluence, termination and subject-reduction,
which hold in λΠ, are preserved by the set R of user’s rules.

Problem: confluence, termination and subject-reduction are
interdependent properties in presence of dependent types when their
proof is based on Geuvers’ method (the method in 2015).

Approach: prove first that confluence holds in the underlying
untyped λ-lambda-calculus λMod with reduction relation Rβ.
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Confluence, local peaks

u

v wPeak

u′

is joinable

Confluence

u

v wLocal peak

u′

is joinable

Local Confluence



7/24

Confluence, local peaks

u

v wPeak

u′

is joinable

Confluence

u

v wLocal peak

u′

is joinable

Local Confluence



8/24

Decreasing diagrams
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State of the art of untyped computations in 2015
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Non-terminating higher-order rewrite rules

The only possible methods were [Terese, 2003]
– Proofs by orthogonality: left linear rules, no critical pairs
– Beyond orthogonality: Van Oostrom’s Decreasing Diagrams

The only established results were:
Left-linear case: critical pair free ok, otherwise open
Non-left-linear case: pure lambda-calculus with surjective pairing is
non-confluent [Klop, Phd thesis, 1980]

Dedukti: many encodings of Coq cumulative universes, some using
non-left-linear rules and even AC axioms.
[A. Assaf 2015, F. Thiré 2020, G. Férey 2021, Phds]
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An encoding of Coq universes in Dedukti [Assaf, Phd thesis]

Universes are natural numbers, 0 being impredicative.
Nat constructors: 0, 1,+(AC ,Z : 0).

1 : max(i , i + j) → i + j
2 : max(i + j , j) → i + j

3 : imp-max(i , 0) → 0
4 : imp-max(i , j + 1) → max(i , j + 1)
5 : ⇑(0, a) → a

6 : ⇑(i + 1, a) → (↑i ,⇑(i , a))
7 : π(i + 1, i + j + 1, (↑i , a), b) → π(i , i + j + 1, a, b)
19 : T(i + j + 1, π(i + j + 1, j + 1, a, b))→

Πx : T (i + j + 1, a).T (j + 1, b)
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Standard example of non-confluence

F (X ,X )→ A, F (X ,C (X ))→ B , G → C (G )

A ←− F (G ,G ) −→ F (G ,C (G )) −→ B
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Understanding the first-order case

[Aoto, Toyama, Uchida, 2014]: Use sort persistency to reduce
confluence to subsystems:
Split R into Rl and Rnl , assume both are confluent, assume Rl

terminating, add sorts to separate Rl and Rnl , and leverage
confluence to the union by using sort persistency.

[Liu, Jouannaud, Ogawa, 2015]: Extend unification so that (A,B)
becomes a non-joinable realizable cyclic critical pair:
Assume R is a (non-left-linear, non terminating) set of first-order
rewrite rules. Then, R is confluent if its realizable cyclic critical pairs
have decreasing diagrams wrt rule labeling.
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Understanding the higher-order untyped case
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Left-linear higher-order rewrite rules

[Ferey, Jouannaud, 2019] Confluence in (Un)Typed Left-Linear
Higher-Order Theories by means of Critical Pairs.
Rβ is confluent if R is terminating and its critical pairs are joinable
without using β (R < β)

[Dowek, Jouannaud, Liu, 2021] Confluence in (Un)Typed Left- Linear
Higher-Order Theories by means of Nested Critical Pairs.
Rβ is confluent if nested critical pairs of R have decreasing diagrams
with respect to rule labelling (R > β).

[Dowek, Férey, Jouannaud, Liu, 2022] Confluence of left-linear
higher-order rewrite theories by checking their nested critical pairs.
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Non-left-linear higher-order rewrite rules: Confinement 1/2

Idea: Restrict the instantiations of non-left linear rules so that they
behave as if the rules were left-linear

First-Order Confinement
[Assaf, Dowek, Jouannaud, Liu, HOR 2015]
First-order terms are confined if they can’t have higher-order
subterms:

Γ, x : A ⊢ M : B B is not confined
Γ ⊢ λx : A.M : Πx : A.B
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Non-left-linear higher-order rewrite rules: Confinement 2/2

Theorem: Assume
(1) Rc is a first-order normal rewrite system that is confluent and
terminating (modulo the equations in Rc)
(ii) R is a higher-order system whose non-left-linear variables are of a
confined type.
Then, Rc ∪ Rβ is confluent on λMod -closed terms if all nested
higher-order critical pairs of R have decreasing diagrams wrt rule
labeling (R > β).
Proof: uses DDs for a relation union of: normal rewriting with Rc ,
parallel rewriting with β, and orthogonal rewriting with R .

Application: Assaf’s encoding of Coq universes is confluent.
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Sort Confinement
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Sort Confinement [Felicissimo, Jouannaud, 2025/2026]

Sort quasi-order: Given a second-order signature, sorts s ≤ s ′ if there
exists some meta-free term of sort s ′ whose one subterm has sort s.

0 : tm
S : (tm)tm

⊤,⊥ : prop
Eq : (tm, tm)prop

@ : (tm, tm)tm
λ : ({tm}tm)tm tm ≤ prop

Confined sort: those that can instantiate the non-linear
meta-variables in left-hand sides of rules, and the smaller than thoses.

Eq(0, S(N))→ ⊥ Eq(S(N), 0)→ ⊥
Eq(N, N)→ ⊤ Eq(S(N), S(M))→ Eq(N, M)

@(λ(x .T(x)), U)→ T(U)

tm confined
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Confined modularity 1/3

Setting: R1 and R2, confluent sets of second order rewrite rules.

Confinement: Expressions of a confined sort for R1 cannot be
rewritten by R2, and vice-versa.

Modularity Theorem: R1 ∪ R2 is confluent on closed terms if there
are no critical pairs at strict subterms and all head critical pairs

B
ε←−
R1

A
ε−→
R2

C

commute as follows:
B ⊗=⇒

R2

D⇐=⊗
R1

C
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Sort Confinement with termination assumption 2/3

Termination theorem: Given a set of second order rewrite rules R , we
define
- its (strongly) confined sorts;
- Rc , the subset of rules applying to (strongly) confined expressions;
- its complement Rnc = R \ Rc .
Then, R is confluent if the following holds:
(i) Rc is confluent and terminating;
(ii) Rules in Rc don’t overlap rules in Rnc ;
(iii) Critical pairs of rules in Rnc enjoy decreasing diagrams.
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Sort Confinement without termination assumption 3/3

Cyclic Theorem: Given a set of second order rewrite rules R , we
define
- its (strongly) confined sorts;
- Rc , the subset of confined rules, its complement Rnc = R \ Rc .
Then, Rnc ∪ Rc is confluent if the following holds:
(i) Rc is confluent;
(ii) Rules in Rc don’t overlap linearized rules in Rnc ;
(iii) Realizable cyclic critical pairs of rules in Rnc enjoy decreasing
diagrams.
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Example

Eq(0, S(N))→ ⊥ Eq(S(N), 0)→ ⊥
Eq(N, N)→ ⊤ Eq(S(N), S(M))→ Eq(N, M)

@(λ(x .T{x}), U)→ T{U}

⊤←−Eq(N, N)=Eq(S(N′), S(M′))−→Eq(N′, M′)

= Eq(U, U)−→⊤

⊤←−Eq(N, N)=Eq(0, S(M))−→⊥ non realizable
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Conclusion

Notion of confinement has had a real theoretical and practical impact

What’s next ?
Several problems open

Thanks for your attention
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