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Ecumenism: the search process for unicity, where different thoughts, ideas or
points of view can harmonically co-exist.

Prawitz: what makes a connective classical or intuitionistic?

» Internalises classical reasoning directly within a unified proof system.

Gilles: systematically integrating classical reasoning within a constructive
setting via Kolmogorov—Godel-Gentzen translations.

> based on double negation.
» Framework particularly transparent from a computational perspective: a
concrete syntactic operation.
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Why is this a Proof? Festschrift for Luiz Carlos Pereira
On the definition of the classical connectives and quantifiers — 2015

We should not say that the proposition PV =P has a classical proof but
no constructive proof...

...but we should say that the proposition P V¢ =P has a proof and the
proposition PV =P does not!

Prawitz:
“The classical logician is not asserting what the intuitionistic logician
denies: The classical logician asserts

AV:.-A

to which the intuitionist does not object; He objects to the universal
validity of
AV —A,

which is not asserted by the classical logician.”
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» We should not say that the proposition PV =P has a classical proof but
no constructive proof...

» ...but we should say that the proposition P V¢ =P has a proof and the
proposition PV =P does not!

» We should also be able to address the question of the provability of mixed
propositions:
(PAQ)= =PV -Q

» Goal: define the meaning of a small set of primitive connectives and
quantifiers with deduction rules and define the others explicitly.
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A= B =-=((-A) = (-B)),
VX A = ==(Vx (--A)),
Ix A = ~—(Ix (—=—A)).

> ||A||: replace each (intuitionistic) connective with its classical counterpart.

» Theorem. A has a classical proof if and only if ||A|| has a constructive one.
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Fla), F(0) F F(b) X F(qUb), Fa), F(b) F FlaUb)

(a), F(b) - F(a) F(b) = F(aUb),F(a),F(b) - F(aUb) 1
F(a) = F(b) = F(aUb), F(a), F(b )'_F(an>Vl v
H, F( ), F(b) - F(aUb) ol o =1 =t ] —p =1
H,—~~(=°F(aUb)), F(a), F(O)F "~ " " "
H,—~(=°F(aUb)), F(a) - =°F(b)
H,—~(=°F(aUb)), F(a) F =°F(a) V¢ =°F (b
H,——~(=°F(aUb)),~(=°F(a) V¢ =°F(b)), F(a) F
H,——(=°F(aUb)),~(=°F(a) V¢ =°F(b)) F =°F(a)
H,——~(=°F(aUb)),~(=°F(a) V¢ ~°F(b)) F =°F(a) V¢ =°F(b)
H,——(=°F(aUb)),~(=°F(a) V¢ =°F(b)),~(=°F(a) V¢ =°F(b)) -
H,—~—(=°F(aUb)),~(=F(a) V¢ =°F(b)) - oy
H,ﬁﬁ(ﬁ'F(an)) = ﬁﬁ(ﬁ'F( ) V€ =°F(b))
HF(=° (an)) “ (=°F(a) vV =°F (b)) (
HFVYaV°b (=°F(aUb)) =° (=°F(a) V¢ =°F(b)))
F H = VaV°b (—°F(aUb)) =° (=°F(a) V¢ =°F(b)))

axiom

—-r, =1, =-r, =], =r
) =-l, =-r, V-r, =1, —-1

=1
—-r, =1, =-r, =-], =1
=, =, V-r, =1, =1

—1

contr-1

—-r, =, =-r
—r, =1, V-1, -1, =-1)2
=-r
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A = “If the union of two sets is infinite then one of them is”
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@O
VaVb.—F(aU b) = —F(a) V° —~F(b)

classical mathematician ®
intuitionistic mathematician © ©
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Dowek concludes his paper with the following open question:

“Which mathematical results have a classical formulation that can be
proved from the axioms of constructive set theory or constructive type
theory, and which require a classical formulation of these axioms and
a classical notion of entailment, remains to be investigated.”

Central research direction: understanding the extent to which classical
reasoning can be reconstructed within constructive frameworks, and where
essential boundaries remain.
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Non-harmonious logics and ecumenical logics:
what do we they teach us about the meaning of connectives?
Ecumenical meeting — London March 2023

Meaning:

| 2

vV v.v Y

The meaning of a logical constant A is defined by its introduction rules

The meaning of a logical constant A is defined by the way a proof of
AAB is built (the way it is used is a consequence of the way it is built)

Dual view possible: elimination rules / used
Well-established thesis for constructive natural deduction
Does it generalize beyond constructive natural deduction?

Or does it need to be adjusted when other logics are considered?
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L1+ 2w
Is it a conjunction? A disjunction?
» When you build it, you need | ¢) and | ¢)
» When you use it (measurement), you get | ¢) or | ¢)
A connective ® with the introduction rules of A and the elimination rules of V:

A TEB . rFAGB TLAFC [BFC
rFAcB rec

The introduction rule requires more than what the elimination rule provides!

The proof language of the ®-logic: a quantum programming language with
measurement.
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nt =x|f(t,..t)
L =P(t,...t)
A =ol|ocLl|T|Te|L|dle|-A|-cA|ANA|ANA|A=A|A= A

OCL:‘\‘\OL

» The o. connective provides the missing double negation (without messing
with the predicate symbols)

» Grienenberger (2019)

10/19



Gille's ecumenical agenda — Part Ill

An ecumenical system for the interoperability of proof systems
With Emilie Grienenberger, Frédéric Blanqui, Gilles Dowek, Gabriel Hondet,
Francois Thiré, 2023 — Slides by Emilie

11/19



Gille's ecumenical agenda — Part Ill

An ecumenical system for the interoperability of proof systems
With Emilie Grienenberger, Frédéric Blanqui, Gilles Dowek, Gabriel Hondet,
Francois Thiré, 2023 — Slides by Emilie

Universality of mathematical truth?

HOL 4
IsABELLE/HOL HOL LIGHT

MATITA

Pl
\l/

< . OPENTHEORY
7 §\+
4+-~ DEDUKTI
Coq

11/19



Gille's ecumenical agenda — Part Ill

An ecumenical system for the interoperability of proof systems
With Emilie Grienenberger, Frédéric Blanqui, Gilles Dowek, Gabriel Hondet,
Francois Thiré, 2023 — Slides by Emilie

Diverse logical foundations

» Higher order constructive systems:

MATITA CoqQ AcpA

» Higher order classical systems:

IsaBeLLE/HOL HOL 4  OpENTHEORY HOL LIGHT PVS

HOL family
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A common language

proof of Kepler's conjecture
proof of the four colors theorem

Logical framework

J

Proof of Kepler's conjecture in a theory D[HOL LicuT|
Proof of the four colors theorem in a theory D[Co0Q)]
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Logical frameworks and interoperability

Logical Framework
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Derivation rules of NE

r--A TF>B A r-=- A TI+c.B
—_— A -i
MEei(AN B) reec.(Ar:B)
r-c-,A TF B/\. r-c-A rIt+eB
-i -
[F-o(A . B) [Fo(A . B)
r-.A Tk B/\_ MEoiA I—F:>,B/\_ r-,A T'kEeiB
-i -i -i
M=c.(AA; B) r=c.(AA B) M=c.(An B)
A IT'ee B A r--.A rtkeB ¥ ;A Tk B i
F-oi(A). B) T-o(A. B) VYY)
r-cA I'te;B . TF:A TExB FrEciA ITHe.B
A A-i A-i
r=-.(A/.B) r=c.(A/.B) r=c.(Ar.B)
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e ey -i
MEei(AN B) reec.(Ar:B)
r--,A I'ke.B r-c-A rIt+eB
MN=vei(A/:B) r-vci(A,.B)
r-A rreB . TkoA T[EeB o TEoA THeB
-1 -1 =1
T (AN B) T (AN B) FEo (AN B)
reciA I'ee.B r-c.A rIteB | rsA I+e.B |
A-i A-i A-i
r-ei(Ar:B) Mci(Ar:B) F+o.(AN B)
r-ciA kB . r--cA Iee;B rcA I+ B
A-1 A-i A-i
r=-.(A/.B) r=c.(A/.B) r=c.(Ar.B)
Add prenex ©>; and i indices  Add prenex i~ and ¢ indices
NJ NE NK

Y. 4

Add double negations for c indices Remove > and indices
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Higher order terms

Sorts: T,U,V,---=o0 || T—=U

Constants: for all sorts T, U,V and 0 € Z,

» Kryofsot T—U—T
> Sryvofsort (T-U—-V)=>(T-U)—>T-=V,

T, L of sort o,

Ao, Vo and = of sort 0 — 0 — o,
- of sort o — o,

37,9 of sort (T — o) — o.

or Vo

vVvyyvyy

Function and predicate symbols:
» function symbol at y, arity (T — U, T, U),
> predicate symbol ¢, arity (o)
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Higher order ecumenical logic as a NE theory

ala(K,x),y) = x
ala(a(S,a),b),x) = a(afa,x), a(b,x))

(a) Simulating 3-reduction with combinators

(T = T
e(t Ao u) e(t) Noe(u)
(V) VI x. e(t x)

(b) Ecumenical higher order connectives
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Et ... voilal

S

DEDUKTI
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Merci, Gilles!
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