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setting via Kolmogorov–Gödel–Gentzen translations.

2 / 19



What is ecumenism?

The terms ecumenism and ecumenical come from the Greek oikoumene, which
means “the whole inhabited world”.

Ecumenism: the search process for unicity, where different thoughts, ideas or
points of view can harmonically co-exist.

Prawitz: what makes a connective classical or intuitionistic?

I Internalises classical reasoning directly within a unified proof system.

Gilles: systematically integrating classical reasoning within a constructive
setting via Kolmogorov–Gödel–Gentzen translations.
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I Internalises classical reasoning directly within a unified proof system.

Gilles: systematically integrating classical reasoning within a constructive
setting via Kolmogorov–Gödel–Gentzen translations.

I Explicit translations based on double negation.
I Framework particularly transparent from a computational perspective: a

concrete syntactic operation.
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Gilles ecumenical agenda – Part I

Why is this a Proof? Festschrift for Luiz Carlos Pereira
On the definition of the classical connectives and quantifiers – 2015

I We should not say that the proposition P ∨ ¬P has a classical proof but
no constructive proof...

I ...but we should say that the proposition P ∨c ¬P has a proof and the
proposition P ∨ ¬P does not!

I We should also be able to address the question of the provability of mixed
propositions:

¬(P ∧ Q)⇒ ¬P ∨c ¬Q
I Goal: define the meaning of a small set of primitive connectives and

quantifiers with deduction rules and define the others explicitly.
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)
.

I ‖A‖: replace each (intuitionistic) connective with its classical counterpart.

I Theorem. A has a classical proof if and only if ‖A‖ has a constructive one.
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which is, for instance, at the heart of the proof of Bolzano-Weierstrass
theorem, then the proposition H ) kAk has a constructive proof

axiom
F (a), F (b) ` F (a)

axiom
F (a), F (b) ` F (b)

axiom
F (a [ b), F (a), F (b) ` F (a [ b) )-l

F (b) ) F (a [ b), F (a), F (b) ` F (a [ b) )-l
F (a) ) F (b) ) F (a [ b), F (a), F (b) ` F (a [ b) 8-l, 8-l

H, F (a), F (b) ` F (a [ b) ¬-l, ¬-r, ¬-l, ¬-r, ¬-l, ¬-r, ¬-l
H, ¬¬(¬cF (a [ b)), F (a), F (b) ` ¬-r, ¬-l, ¬-r, ¬-l, ¬-r

H, ¬¬(¬cF (a [ b)), F (a) ` ¬cF (b) ¬-l, ¬-r, _-r, ¬-r, ¬-l
H, ¬¬(¬cF (a [ b)), F (a) ` ¬cF (a) _c ¬cF (b) ¬-l

H, ¬¬(¬cF (a [ b)), ¬(¬cF (a) _c ¬cF (b)), F (a) ` ¬-r, ¬-l, ¬-r, ¬-l, ¬-r
H, ¬¬(¬cF (a [ b)), ¬(¬cF (a) _c ¬cF (b)) ` ¬cF (a) ¬-r, ¬-l, _-r, ¬-r, ¬-l

H, ¬¬(¬cF (a [ b)), ¬(¬cF (a) _c ¬cF (b)) ` ¬cF (a) _c ¬cF (b) ¬-l
H, ¬¬(¬cF (a [ b)), ¬(¬cF (a) _c ¬cF (b)), ¬(¬cF (a) _c ¬cF (b)) ` contr-l

H, ¬¬(¬cF (a [ b)), ¬(¬cF (a) _c ¬cF (b)) ` ¬-r
H, ¬¬(¬cF (a [ b)) ` ¬¬(¬cF (a) _c ¬cF (b)) ¬-r, ¬-l, )-r
H ` (¬cF (a [ b)) )c (¬cF (a) _c ¬cF (b)) (¬-r, ¬-l, 8-r, ¬-r, ¬-l)2

H ` 8ca8cb ((¬cF (a [ b)) )c (¬cF (a) _c ¬cF (b))) )-r` H ) 8ca8cb ((¬cF (a [ b)) )c (¬cF (a) _c ¬cF (b)))

In this case, even the proposition
H ) 8a8b ((¬F (a [ b)) ) (¬F (a) _c ¬F (b)))

where the only classical connective is the disjunction, has a constructive
proof.

Which mathematical results have a classical formulation that can be
proved from the axioms of constructive set theory or constructive type
theory and which require a classical formulation of these axioms and a
classical notion of entailment remains to be investigated.
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Logic’, Vol. 59, pp. 201–217.

Gödel, K. (1932), ‘Zum intuitionistischen aussagenkalkül’, Anzeiger der
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Dowek concludes his paper with the following open question:

“Which mathematical results have a classical formulation that can be
proved from the axioms of constructive set theory or constructive type
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Central research direction: understanding the extent to which classical
reasoning can be reconstructed within constructive frameworks, and where
essential boundaries remain.
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Dead and alive? Dead or alive?

√
2
2
| φ〉+

√
2

2
| ψ〉

Is it a conjunction? A disjunction?

I When you build it, you need | φ〉 and | φ〉
I When you use it (measurement), you get | φ〉 or | φ〉

A connective � with the introduction rules of ∧ and the elimination rules of ∨:

A non-harmonious connective, but not of the kind of Prior’s tonk

� ` A � ` B
� ` A � B

�-i
� ` A � B �, A ` C �, B ` C

� ` C
�-e

The elimination rule provide A or B , and the introduction rule requires A and B
The introduction rule requires more than what the elimination rule provides

The introduction rule requires more than what the elimination rule provides!

The proof language of the �-logic: a quantum programming language with
measurement.
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It seems like a diversion, but it is not!

I The meaning of � defined by all the rules of �
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only)
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Diversity in Ecumenism

Constructive and classical assertiveness

nt = x | f (t, ..., t)
L = P(t, ..., t)
A = �L | �c L | > | >c | ? | ?c | ¬A | ¬cA | A ^ A | A ^c A | A ) A | A )c A |...

�cL = ¬¬ � L

The �c connective provides the missing double negation (without messing with the
predicate symbols)
Grienenberger (2019)

I The ◦c connective provides the missing double negation (without messing
with the predicate symbols)

I Grienenberger (2019)
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Diverse logical foundations

Diverse logical foundations

I Higher order constructive systems:

Matita Coq Agda

I Higher order classical systems:

Isabelle/HOL HOL 4 OpenTheory HOL Light PVS

HOL family

Emilie Grienenberger An ecumenical system for the interoperability of proof systems 5

11 / 19



A common language

A common language

HOL Light proof of Kepler’s conjecture
Coq proof of the four colors theorem

Logical framework

Proof of Kepler’s conjecture in a theory D[HOL Light]
Proof of the four colors theorem in a theory D[Coq]
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Logical frameworks and interoperability

Logical frameworks and interoperability

Logical Framework

HOL LightS1

S2

S3

L

D[L1] D[L3]

D[L2]

L1

L2

L3
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Derivation rules of NE Derivation rules of NE

� „ ÛiA � „ ÛiB ·-i
� „ Ûi(A ·i B)

� „ ÛcA � „ ÛcB ·-i
� „ Ûc(A ·c B)
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� „ ÛiA � „ ÛiB ·-i
� „ Ûi(A ·c B)

� „ ÛcA � „ ÛcB ·-i
� „ Ûc(A ·i B)

� „ ÛiA � „ ÛiB ·-i
� „ Ûc(A ·i B)

� „ ÛcA � „ ÛiB ·-i
� „ Ûc(A ·i B)

� „ ÛiA � „ ÛcB ·-i
� „ Ûi(A ·c B)

� „ ÛcA � „ ÛiB ·-i
� „ Ûi(A ·c B)

� „ ÛiA � „ ÛcB ·-i
� „ Ûc(A ·i B)

� „ ÛiA � „ ÛiB ·-i
� „ Ûc(A ·c B)

� „ ÛcA � „ ÛiB ·-i
� „ Ûc(A ·c B)

� „ ÛiA � „ ÛcB ·-i
� „ Ûc(A ·c B)

Emilie Grienenberger An ecumenical system for the interoperability of proof systems 10

Properties of NE: links to NJ and NK

NENJ NK

Add prenex Ûi and i indices Add prenex Ûc and c indices

Remove Û and indicesAdd double negations for c indices

Provability results
0 Ûi [(P ·c Q) æi P]
0 Ûi [(P ‚c (¬P)]

Consistency
If � œ I, then 0 Û�‹
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Higher order terms

Higher order terms

Sorts: T , U, V , · · · = o | ÿ | T æ U

propositional contents individuals

Constants: for all sorts T , U, V and � œ I,
I KT ,U of sort T æ U æ T
I ST ,U,V of sort (T æ U æ V ) æ (T æ U) æ T æ V ,

combinators

I €̇, ‹̇ of sort o,
I ·̇�, ‚̇� and ∆̇� of sort o æ o æ o,
I ¬̇ of sort o æ o,
I ÷̇T

� , ’̇T
� of sort (T æ o) æ o.

connectives

Function and predicate symbols: two symbols
I function symbol –T ,U , arity ÈT æ U, T , UÍ,
I predicate symbol Á, arity ÈoÍ

application

promotion of propositional contents to propositions
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Higher order ecumenical logic as a NE theory

Higher order ecumenical logic as a NE theory

–(–(K , x), y) © x
–(–(–(S, a), b), x) © –(–(a, x), –(b, x))

(a) Simulating —-reduction with combinators

Á(€̇) © €
Á(t ·̇� u) © Á(t) ·� Á(u)

Á(’̇T
� t) © ’T

� x . Á(t x)

(b) Ecumenical higher order connectives
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Et . . . voilà!

Remember...

Dedukti

HOL LightS1

S2

S3

NE

D[L1] D[L3]

D[L2]

L1

L2

L3
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The ecumenical future

I Real Ecumenical Mathematics!!! We know that if all operators have a
constructive “reading”, the axiom of choice is a theorem in Martin-Löf
Type Theory. But what would happen if we have hybrid readings of these
same operators?

I Applications in Computer Science!!!

I New ecumenical codifications. We have showned several ecumenical
systems for classical and intuitionistic logic. What about other logics?

I Barroso-Nascimento has an ecumenical system for intuitionistic and minimal
logic;

I Sernada and Rasga have an ecumenical system for intuitionistic logic and
classical S4;

I Rasga and Sernadas: how to systematically connect translations to
ecumenical systems and propose an ecumenical system for classical logic
and Jaskowski’s paraconsistent logic.

I Semantics!!

I etc
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Merci, Gilles!
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