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Over the course of the last century, the connections between classical logic, intuitionistic logic
and minimal logic have been explored, mainly using double-negation translations [GIi28] [Kol25|
G633, [Gen306, [Kurh1]. Such translations A — A* insert double negations inside formulas at various
places—depending on the chosen translation. For instance, Kolmogorov’s translation [Kol25] inserts
a double negation in front of every sub-formula:

(A= B)K¢:= -=(AK° = BKe) pKo:.= P if P atomic (V1.A)K® := ~-vz.AK°
(A A B)Ko — —\—\(AKO A BKO) LKO jap— (Hx.A)KO — ﬂ_\3%,_141(0
(A vV B)KO = —\—|(AKO \ BKO)

Kolmogorov’s translation [Kol25| and the Gédel-Gentzen translation [G633) [Gen36] directly embed
classical logic into minimal logic, while Kuroda’s translation [Kur51] only embeds classical logic
into intuitionistic logic.

Brown and Rizkallah [BR14] investigated double-negation translations for higher-order logic. On
the one hand, Brown and Rizkallah showed that Kuroda’s translation can be extended to higher-
order logic so that it translates classical logic into intuitionistic logic. We have further investigated
the properties of this translation in [Tra24]. On the other hand, they showed that Kolmogorov’s
translation and the Godel-Gentzen translation cannot be naturally extended to higher-order logic,
as they do not preserve (-conversion.

In this talk, we will see that Kolmogorov’s translation can however be extended to higher-order
logic, using a reformulation of the translation by Dowek and Werner [DW03].

Kolmogorov’s translation can be formulated with AKo = = Ay, where A — A, is the light
version of Kolmogorov’s translation defined by Dowek and Werner [DWO03]:

(A = B)Ko = _‘_‘AKO = Bk, Pgo,:= P if P atomic (VJZA)KO = Vx.—\—'AKO
(A A B)Ko = —=Ag, N Bg, lgo: =1 (HIA)K(, = Jz. Ak,
(A \Y B)Ko = Ak, V Bk,



We refer to this formulation of Kolmogorov’s translation as the Kolmogorov-Dowek-Werner trans-
lation. Both Kolmogorov’s translation and the Kolmogorov-Dowek-Werner translation produce the
same result, but do not produce it similarly.

Interestingly, the Kolmogorov-Dowek-Werner translation uses a two-step process, exactly like
Kuroda’s translation. In particular, both translations do not insert double negations in front
of atomic formulas. This is key to extending Kuroda’s translation to higher-order logic so that it
preserves -conversion. It follows that we can be naturally extended the Kolmogorov-Dowek-Werner
translation to higher-order logic, following the blueprint of [BR14l [Tra24]. The main advantage of
the Kolmogorov-Dowek-Werner translation compared to Kuroda’s translation is that it translates
classical logic into minimal logic, and not only into intuitionistic logic.
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